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Its use is notjust that history may give everyone its 
due and that others may look forward to similar 
praise, but also that the art of discovery may be 
promoted after its method has been known through 
illustrious examples. 
LEIBNIZ 
In contrast to these sentiments of Leibniz, mathematics is predominantly pre- 
sented in a polished, logical form showing none of the difficulties, errors, guesses, 
or stumbling that went into its creation. Such presentation is prepared from hind- 
sight, ahistorically, largely as a consequence of a stress on symbolism and ab- 
straction. This has led to an emphasis of content over method, and the justification 
of mathematical truths rather than analysis of the processes by which they were 
created. Yet there exist means of demystifying mathematics, of showing its ori- 
gins as well as its results and applications, of revealing its history. The Interna- 
tional Study Group for the Relationship between the History and Pedagogy of 
Mathematics (HPM) exists as an informal group to encourage colleagues through- 
out the world to use aspects of the history of mathematics in the teaching of 
mathematics to motivate interests, develop positive attitudes, and encourage ap- 
* This abbreviated set of initials was adopted at the General Meeting of the Fifth International 
Congress on Mathematical Education (ICMES). This report of the HPM meetings is based on that to be 
published in the Proceedings ofZCMEs (Birkhtiuser, Boston). 
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preciation of the nature of mathematics and its role in the development of civiliza- 
tions . 
A knowledge of the history of the development of the mathematical curriculum 
can support its teaching by demonstrating how modern mathematics has its roots 
in the past, and revealing the improvements in mathematical rigor. Such calls to 
teach mathematics relative to its history also extend to investigations of national 
histories of mathematics; to the uses which might be made of this particular 
knowledge; and to the light it might shed on prior assumptions about the develop- 
ment, the persons involved, and their role in this development. 
Meetings held in conjunction with the International Congress on Mathematical 
Education (ICME), the International Commission on Mathematical Instruction 
(ICMI), and, on a regional basis, the National Council of Teachers of Mathematics 
(NCTM) in the United States form the major forums for discussing and dissemi- 
nating these aims. During ICMES, a series of four meetings was held to introduce 
educators to ICMES and to its aims. These meetings were designed to provide 
specific examples of pedagogical ideas in practice from a variety of countries and 
across all levels of education. The first session (presented by George Booker, 
Australia) provided a framework of suggestions for using the history of mathemat- 
ics in the classroom, with examples to reflect the extent of such use in Australia. 
The second session (directed by Rina Hershkowiz of Israel and Amy Dahan of 
France) examined uses which might be made of the history of mathematics for 
teachers and talented students. The third session was devoted to historical docu- 
ments suited to secondary school pupils (presented by Amy Dahan and C. Borow- 
cyz of France and Lucia Greuquetti of Italy). The final session examined the 
interplay detween the history of art and mathematics (Florence Fasanelli of the 
United States presiding), and concluded with a summary of the objectives fos- 
tered by the HPM group, along with an account of the way these were being 
implemented in Canada (given by Israel Kleiner). 
At the first session, two contrasting positions on the role of the history of 
mathematics in mathematics education were given. Subsequent discussions over 
the four days of the congress can be summarized as follows: students evolve 
mathematics from problems that interest them, thus focusing on the process of 
mathematical thinking rather than the end product of the mathematical thoughts of 
earlier mathematicians. On the one hand, this could involve problems and their 
solutions from the past, such as those suggested in the recent book Geometrical 
Investigations by John Pottage of Melbourne University (Reading, Mass.: Addi- 
son-Wesley, 1983). However, there is also the point of view provocatively de- 
scribed by Professor Roland Stowasser as “Ransacking the History for Teaching 
Mathematics” (Stowasser, in Zentralblatt fiir Didaktik der Mathematik (1978), 
78-80), whereby critical incidents or examples are taken to illustrate a particular 
point or to generate a technique or method. One such example presented in the 
second session was devoted to Arabic mathematics as it was developed from 
Greek geometry into a theoretical discipline with its own methods and precise 
objects of study. Two currents were involved in this renovation: one stemming 
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from the geometrical construction of the roots of equations of degree higher than 
two, the other building from a deep dialectical movement between arithmetic and 
algebra. This led to the definition of the null power, x0 = 1, and the used of a board 
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to represent the multiplication of xm by x” (if II > 0) by taking n steps to the left 
from xm. The practical value of this invention, together with its origins in very real 
problems, provides a useful means of teaching/presenting this area of algebra 
which often seems very artificial to children, and consequently represents a stum- 
bling ground for their learning (for further details, see Amy Dahan’s recently 
published book, Routes et LIPdales, Paris: Etudes vivantes, 1982). 
A second option examined the development of mathematical ideas within a 
historical context, bringing out the relationship between mathematics and the rest 
of human thought and invention. In this way, students can gain a sense of perspec- 
tive concerning mathematical discoveries. They can also tie mathematics to its 
discoveries, as well as to the problems from which it arose. This setting of mathe- 
matics within broader social and cultural contexts has been addressed by Profes- 
sor R. Wilder, most recently in his book Mathematics as a Cultural System 
(Elmsford, N.Y.: Pergamon Press, 1983). It was also the theme of a paper pre- 
sented by Ubiratan D’Ambrosio (Brazil) at the pre-ICME meeting of the group, 
and in a keynote address to the congress in which he raised the issue of “ethno- 
mathematics” as opposed to “learned” mathematics, i.e., the practical mathe- 
matics developed and used in the everyday work and activities of ordinary people 
rather than the scholarly mathematics dealt with in formal education. A full dis- 
cussion of this issue is given in “Ethnomathematics,” For the Learning ofMathe- 
matics 5, No. 1 (February 1985), 44-48. 
These options having been determined, discussion then focused on ways in 
which they might be implemented. The first suggestion advocated an anecdotal 
approach, one used frequently in both elementary and high schools whenever 
brief biographies of mathematicians are given, or particular historical or cultural 
systems of numeration or computation are provided. While this would seem to be 
the most basic (and easiest) level of introducing historical material, it is necessary 
to bear in mind the distinction between history and storytelling. Instructors who 
would not think of presenting a mathematical theorem or statement without 
checking it, nevertheless may be content to copy or rely on vague recollections of 
history, or simply repeat such inaccuracies as “the integral was discovered by 
Riemann, ” “common fractions can be ascribed to the Babylonians,” and “Egyp- 
tian rope-stretchers used the 3,4,5 triangle to determine right angles.” Sometimes 
logic itself gets muddled; the description of Fermat as “the prince of ama- 
teurs” has prompted others to describe him as an amateur mathematician. Such 
examples should not discourage the use of history in the mathematics classroom, 
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but they should demonstrate the need for historical accuracy. Correct examples, 
however, not only provide useful background material; they can also give some 
perspective on mathematical discoveries and inventions, while at the same time 
stimulating interest and motivation in the subject. 
Such an approach can also provide insightful, more intuitive, or alternative 
teaching methods. For instance, the early Greek proofs that the series 1 + 4 + $ + 
&+. . . sums to 2 
or for the Pythagorean Theorem: 
A second way of using a historical approach utilizes the “genetic principle” in 
teaching mathematics, i.e., the principle that for effective learning each student 
should retrace the main steps in the historical evolution of the subject under 
study. While this has sometimes been interpreted as the “discovery approach,” 
the actual learning of mathematics has increasingly been described in constructiv- 
ist terms, and in this context a similar approach to the use of the history of 
mathematics is warranted. In other words, attention should be focused on the 
process of reconstructing mathematics rather than rediscovering it. In contrast, 
the notion that effective learning requires rediscovery is derived from an emphasis 
on the completed form of mathematics rather than the process by which it is 
formed. A constructive perspective is likely to highlight more clearly conceptual 
dimculties, such as the concept of zero (whose existence was long questioned), or 
the basic notions of algebra (whose formulation was slow to evolve and not 
immediately understood or accepted). The constructivist approach would also 
highlight the pedagogically more valuable order of presentation from the intuitive 
to the formal, and would enhance students’ motivation by helping them to appre- 
ciate the origin and development of problems, concepts, and proofs. A historical 
approach of this form would have the further advantage of fostering understanding 
rather than memorization. 
A good example of this approach is the recent monograph by Otto Bekken (a 
Norwegian historian of mathematics): “Una Historia Breve de1 Algebra,” pub- 
lished in Spanish by the Sociedad Matematica Peruana, Peru (1983). Themes from 
this history of algebra were presented at the pre-ICME conference of HPM, and at 
a similar meeting prior to the NCTM convention in 1984. Another example is a 
source book of documents suitable for both children and teachers which is about 
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to be published in France. This has been developed through the IREMS, in coop- 
eration with groups of mathematics teachers at both the secondary school and 
university levels. It addresses the broad issue of “object and utility in mathemat- 
ics,” as well as such specific areas as arithmetic, algebra, analysis, and astron- 
omy. Another form of this approach has been taken in developing in-service 
programs for teachers of mathematics in Israel at the Weizmann Institute under 
the direction of Professor M. Bruckheimer. Each topic is created as a series of 
worksheets, and include: 
A brief introduction to set the historical scene 
A 
A historical primary source 
J 
Leading questions on the source material and its 
mathematical significance and consequences 
Active learning is stimulated through 
J L 
Workshops Correspondence 
1 courses 
An extensive discussion leaflet with detailed 
solutions and further source material 
Topics treated so far include negative numbers, irrational numbers, and the his- 
tory of equations, with materials developed around primary sources and designed 
for active learning. 
One unfortunate consequence of the “genetic principle” has been an emphasis 
on mathematical structures as a unifying idea for mathematics. This, too, evolved 
from an emphasis on the content and form of mathematics rather than its pro- 
cesses of construction. The history of mathematics, because its focus has to be 
constructivist, in that it traces the very processes by which mathematics is built 
up, is more likely to provide a coherent basis of unification by showing the inter- 
dependence of the various parts of mathematics through their common origins, 
evolution, or response to similar problems or cultural forces. In addition to the 
results of professional mathematicians, the subject has grown because of those 
working in other fields who have also contributed greatly to its development: the 
poet Omar Khayam, the philosopher Blaise Pascal, the artist Albrecht Diirer, and 
the clergyman Bernhard Bolzano, to offer but four examples. Indeed, the writings 
of Diirer as a theorist of art provided one of the first mathematical textbooks in the 
German language, The Teaching of Measurement with the Compass and Ruler 
(1525). This work gave birth to German scientific prose and replaced traditional 
formulas with analysis and new creative constructions. Examining the interplay 
between subjects such as the history of art and the history of mathematics also 
allows another entry to topics which otherwise may appear dry and devoid of 
practical application or mathematical interest. ’ 
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Distinguishing between content and form provides a third way in which the 
history of mathematics can be utilized in teaching. “Content” refers to the meth- 
ods and results of mathematics, while “form” refers to the symbolic notation in 
which results are usually expressed and the chains of logical reasoning through 
which a proof is given. The two are inextricably, but not inevitably, linked, for 
much of the content of mathematics would not have been discovered were it not 
for advances in form. New results have often become possible through new nota- 
tion-the introduction of Hindu-Arabic numerals, for example, or the notation 
Leibniz provided for the calculus. Indeed, “An adequate notation reflects reality 
better than a poor one, and appears endowed with a life of its own which in turn 
creates new life” (D. J. Struik, A Concise History of Mathematics, New York: 
Dover, 1967, 3rd rev. ed., p. 94). Advances in form have often made it easier to 
learn mathematics, although they can also give rise to difficulties that can bar the 
way to effective understanding. As H. Ginsburg recently noted: “Children’s 
informal arithmetic is powerful, their understanding of written symbolism is 
weak” (Ginsburg, Children’s Arithmetic: The Learning Process, New York: D. 
van Nostrand, 1977, p. 7). An examination of the evolution of the way in which 
particular results have been expressed or proved, along with the ways in which 
other results have been derived from these, or of those ideas which have been 
inhibited, could provide valuable insights into mathematics. Consider, for exam- 
ple, the treatment of the negative integers suggested from Israel (see Ginsburg 
1977, p. 7). 
A more explicit development of this approach is the notion of Proofs and 
Refutations proposed by Lakatos (1976). While Lakatos is interested in both 
content and form, it is the process by which mathematics is formalized-along 
with its limitations-that comes under examination. Lakatos contends that it is 
formalization that divorces mathematics from its history; only an awareness 
of the disputes and errors that went into the formulation of mathematics will 
provide real understanding of its content. 
If these four frameworks for utilizing the history of mathematics are well 
known, what then is inhibiting their adoption and use in the classroom? The first 
reason must be the lack of teaching materials-in terms of either relevant content 
or appropriate levels of difficulty. Problems related to form and format of the 
usual textbooks, or to the teachers’ own education and experience may also limit 
an instructor’s capacity to appreciate opportunities for incorporating historical 
material or methods. Teachers may feel uncomfortable with the different teaching 
methods needed to present and discuss history as opposed to mathematics. A 
change of emphasis in teacher education can help, but recognition of the inhibiting 
factors outlined above was one of the major reasons for the establishment of the 
HPM. It not only provides a venue for sharing ideas and materials about teaching, 
but it also offers a network of support and contacts through the H.P.M. Newslet- 
ter. Moreover, its very existence amplifies the issue of including historical ap- 
proaches at all levels of mathematics education. 
The academic program concluded with a business meeting of the group at which 
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future activities were discussed and the following Executive Committee was 
elected: 
Chairpersons of HPM: 
Ubiratan D’Ambrosio Christian Houzel 
UNICAMP, Universite de Paris-Nord, 
Brazil France 
Members of the International Committee: 
Otto Bekken (Norway) 
Sergei Demidov (USSR) 
Maassouma Kazim (Qatar) 
David Pimm (United Kingdom) 
Lee Peng Yee (Singapore) 
George Booker (Australia) 
Paulus Gerdes (Mozambique) 
Bruce Meserve (United States) 
Roland Stowasser (Federal 
Republic of Germany) 
David Wheeler (Canada) 
Initial contact with the group and requests to be placed on the mailing list for the 
H.P.M. Newsletter should be addressed to the editor: 
Professor Charles V. Jones 
Department of Mathematical Sciences 
Ball State University 
Muncie, Indiana 47306 
U.S.A. 
